We consider the possibility of breaking the GUT group to the Standard Model gauge group in F -theory compactifications by turning on certain U(1) fluxes. We show that the requirement of massless hypercharge is equivalent to a topological constraint on the UV completion of the local model. The possibility of this mechanism is intrinsic to F -theory. We address some of the phenomenological signatures of this scenario. We show that our models predict monopoles as in conventional GUT models. We discuss in detail the leading threshold corrections to the gauge kinetic terms and their effect on unification. They turn out to be related to Ray-Singer torsion. We also discuss the issue of proton decay in Ftheory models and explain how to engineer models which satisfy current experimental bounds.
Introduction
One of the most remarkable hints about physics at high energy scales is the apparent unification of gauge couplings [1, 2] . This gives strong support for the idea that the Standard Model originates from a single GUT group at some high scale [3] . Several other properties of the Standard Model point to some kind of unification, however there are also aspects that are hard to fit in a conventional four-dimensional GUT model. As has been appreciated for some time, the discrepancies have natural resolutions if the unification takes place not in four but in higher dimensions [4] . Of course gauge theories in higher dimensions do not make sense by themselves, but they have a natural home in string theory, which provides their UV completion.
The first models of this type were explored in the heterotic string, where unification takes place in ten dimensions [5] . However the experimental fact of the hierarchy between the TeV scale and the Planck scale, as well as practical considerations, have led to the idea of local model building [6, 7, 8] . In this scenario, one considers models of particle physics where the effects of four-dimensional gravity (and its attendant complications) may be treated as a small perturbation. That is, a local model is defined by the existence of a decoupling limit [8] (1.1)
In the context of GUTs, this means we will have at least two independent expansion parameters, α GU T and M GU T /M P l .
Although perhaps not apparent at first sight, insisting on the twin principles of unification and local model building cuts down the landscape of possibilities considerably. In particular one might have thought that models with D-branes provide a natural realization of these principles. Unfortunately attempts to construct GUTs in D-brane models ran into fundamental difficulties, due to the absence of matter in the spinor representation of SO (10) , or the perturbative vanishing of top quark Yukawa couplings for SU(5) (since the epsilon tensor needed for these couplings cannot be generated in perturbative open string theory). These problems can be traced back to the absence of exceptional gauge symmetries on perturbative D-branes. GUT groups can of course be naturally incorporated in the E 8 × E 8 heterotic string, however the ideas about local model building and decoupling from the Planck scale leads one to ask if exceptional Yang-Mills symmetries can also be localized on branes with non-zero codimension.
Apart from the heterotic string, exceptional Yang-Mills theory can in fact also appear on various branes in string theory (see table 1 ). However Yang-Mills theories realized on 5-branes or branes of lower dimension do not lead to chiral matter, because if the codimension is high enough then we can always separate the branes. On the other hand, if the codimension is too small, one gets into trouble with the requirement of decoupling. The situation in type I' should be very similar to the situation in Horava-Witten theory, to which it is related by compactification on a circle. For a generic compactification in the Horava-Witten set-up, if the size of the interval gets too large then the bare coupling of one of the E 8 s is pushed to infinity, which yields a bound of the form [9] G N α
Another issue for the strongly coupled type I' is that there are no known constructive techniques. A similar issue plagues the study of 6-branes in M-theory. This requires the study of 7-manifolds of G 2 holonomy, a subject about which so little is known that we cannot even write equations for semi-realistic local models.
Thus if one is interested in a framework for local model building with GUT groups, on second thought it turns out the options are really rather limited. In F -theory, like in the heterotic string, there are actually powerful constructive techniques available from algebraic geometry [10, 11] . Up until recently, the main issue hindering progress in this direction was the lack of knowledge about engineering chiral matter, an issue that was solved in [12] by turning on fluxes (see also [13] , and further refinement in [14] ). However although GUT groups and chiral matter could be naturally obtained in this framework, there was not yet a sound method for breaking the GUT group to the Standard Model while preserving the main predictions from unification.
The main purpose this paper is to make such a proposal. As we discuss in section 2, this can be achieved by turning on suitable U(1) fluxes. There are however a number of subtleties in the implementation. In particular, analogous mechanisms are not available in M-theory on G 2 or the heterotic string. This is an additional motivation to study unification in F -theory.
Having specified a GUT breaking mechanism, we can now start to address some of the phenomenology of F -theoretic GUTs. There are many issues one could discuss, and we focus on only a few of them. This paper is a direct continuation of [12] , so we refer to that paper for basic concepts and notation.
In section 3 we show that our models predict monopoles carrying magnetic hypercharge. They correspond to certain D3-branes ending on the GUT 7-brane.
In section 4 we give a detailed discussion of threshold corrections to the gauge kinetic terms. It is well known that the GUT prediction of α 3 (M Z ) differs slightly from the experimental value, and the natural question is if the heavy threshold corrections in our scenario make the situation worse or better. We will see that at least in our toy models, the corrections come with varying signs and can make the discrepancy worse or better.
In section 5 we discuss proton decay. Dimension four and five operators violating baryon number are generically present and models have to be engineered to guarantee their absence. We find that decay through dimension six operators is parametrically enhanced as α GU T → 0 compared to four-dimensional models. A similar situation had earlier been discovered in other KK models of unification [15, 16] , however unlike these papers, for the most promising scenarios in our setting the parametric dependence for p → π 0 e + L and p → π 0 e + R is the same. Many of our results were conceived in March 2008 and discussed in seminars and conference talks from March through May 2008. In the meantime, two papers have appeared ( [17] , [18] ) that overlap with some of our results. A section on constructing compactifications will appear in version 2 of this paper.
Breaking the GUT group

The basic proposal
We start with a brief recap of the discussion in [12] . There are basically three ideas for breaking the GUT group in string models. The first is to engineer an adjoint Higgs or a Higgs in another large representation. Although this is in principle possible in Ftheory, in this way one ends up with a traditional four-dimensional GUT model. Such models are beset by phenomenological problems such as doublet/triplet splitting and a tension between fast proton decay and unification. Therefore it is more desirable to use the additional ingredients in our F -theoretic constructions and to look for an intrinsically higher dimensional mechanism which preserves the successes of unification but evades the problems.
The second approach, which has been successfully implemented in the heterotic string, is to use discrete Wilson lines. However in order to avoid adjoint Higgses in F -theory, we have to wrap our 7-brane on four-cycles with trivial fundamental group 1 . Attempts to dualize heterotic models with discrete Wilson lines lead to 7-branes with singularities on the worldvolume. Although the presence of singularities is common in recent phenomenological literature on extra-dimensional GUTs [19, 20] , in the present context we should avoid them. There could very well be new degrees of freedom at such singularities that spoil the running of the couplings or are not mutually supersymmetric with the other ingredients in the construction, or give rise to light particles with fractional electric charges. Given our current understanding of F -theory, it is impossible to know. Thus this approach does not appear promising in the context of F -theory.
The third idea is to turn on U(1) fluxes on the worldvolume of the 7-brane in order to break the GUT group. For definiteness let us consider the case of a 7-brane with a GUT group G = SU(5) wrapping a four-cycle S. We denote the elliptically fibered Calabi-Yau four-fold by Y 4 , the section by σ(B 3 ) and the inclusion of S by i : S → σ(B 3 ). Then in order to break the GUT group we could turn on a non-trivial flux on S for the hypercharge gauge field, which is embedded in SU(5) as
This means we specify a line bundle L on S, with c 1 (L) a non-trivial class in H 2 (S)
represented by a harmonic two-form, and set the SU(5) field strength to
More precisely, recall that abelian gauge fields descend from harmonic two-forms in the lattice
Let us denote the harmonic two-form leading to the hypercharge gauge field by ω Y :
Then let us turn on a G-flux
Even though the Calabi-Yau four-fold is generally not a fibration over S, this expression still makes sense because ω Y is essentially a delta-function localized on the A 4 singularity giving rise to the SU(5) gauge group. (To make sense of it mathematically, we should first resolve the A 4 singularity; F -theory corresponds to the limit when the exceptional cycles are taken to zero size).
Such a U(1) flux will break the GUT group G = SU(5) to the subgroup which commutes with the U(1), which is the Standard Model gauge group SU(3) × SU(2) × U(1). Further we assume large volumes so that we can trust the predictions from the two derivative eight-dimensional Yang-Mills action. Then with this method of breaking the GUT group we recover the standard SU(5) relations between the gauge couplings.
Unfortunately this argument is too quick, for two reasons. As we will discuss in the next subsection, turning on such a flux leads to unacceptable triplets in the low energy spectrum. This problem can be addressed however by turning on a slightly more general type of U(1) flux, so we will not worry about this here. The second issue is that the Yang-Mills theory is coupled to additional closed string modes which live in the bulk of spacetime, which may lead the abelian gauge fields to pick up a mass through the Stückelberg mechanism. The F -theory effective action has a Chern-Simons term of the form
Now we expand the four-form as follows:
2 Recall that the G-flux must be properly quantized, which means in the present case that the line bundle ζ must admit a 6th root. This causes a certain amount of trouble for the spectrum, as discussed in the next subsection. 3 The reader might wonder why we don't consider couplings to other RR or NS potentials (we'd like to thank J. Maldacena for asking the question). For instance, naively one should also take couplings like C (2) ∧ Tr(F ∧ F ∧ F ) into account. However due to the Sl(2, Z) monodromies, in a generic F -theory compactification there are no zero modes for any of the RR or NS potentials with two indices on R 4 , except for C
RR .
Note that these are bulk modes and know about all of B 3 (or more precisely, the section σ B 3 ). We can expand the G-flux as
where ω Y ∈ Λ is the harmonic two-form giving rise to hypercharge.
Then we find the following four-dimensional coupling:
where
As is well-known, the fields C M 2 may be dualized to RR axions a M in four dimensions, and (2.8) then leads to a coupling of the form
Therefore at first sight it seems that Π M must be non-zero for some M, and the hypercharge gauge field will pick up a mass through (2.8) or (2.10).
One way to avoid this, suggested in [21] , is to turn on a flux in the same cohomology class [c 1 (L)] in a hidden sector. The axion will then couple to a linear combination of A Y µ and a U(1) in the hidden sector, and the orthogonal linear combination will remain massless. But in this approach the kinetic term of the remaining massless U(1) is changed compared to our original hypercharge generator, and we lose the relation 5/3 g 1 = g 2 = g 3 .
Here we would like to propose a different way out, which has the virtue of preserving the GUT relations among the couplings at leading order. The situation we discussed above is very analogous to that of obtaining a massless hypercharge in models with branes at singularities [22] . In fact in [23] , section 6, the mechanism of [22] was already interpreted as a partial unification scenario. The point is that because the brane has non-zero codimension, the vanishing of Π Y M for all M does not imply that c 1 (L) must vanish. Rather it is equivalent to the following statement. If we embed i : S → B 3 then
generally has non-trivial cokernel, and Π Y M = 0 for all M means that c 1 (L) is a generator of this cokernel. 4 Thus the requirement of a massless hypercharge gauge field is really a topological constraint on the UV completion of the local model.
It is useful to restate this criterion using Poincaré duality. Consider the two-cycle Ξ ∈ H 2 (S) dual to c 1 (L). Then the requirement Π Y M = 0 for all M is equivalent to the statement that Ξ is in the kernel of the map i : H 2 (S) → H 2 (B 3 ). In other words, even though Ξ is a non-trivial two-cycle in S, once we embed it in B 3 we can find a three-chain Γ in B 3 so that Ξ = ∂Γ.
One quick observation is that the canonical divisor K S is always a pull-back of a class in H 2 (B 3 ). This follows from the adjunction formula, and the fact that K B 3 and O(S) yield classes in H 2 (B 3 ). So in any local construction we should certainly make sure that c 1 (L) is orthogonal to c 1 (K S ). Generically we would expect there is one other class in the image of i * , namely the remaining linear combination of c 1 (K B 3 ) and c 1 (O(S)) (which may be proportional to c 1 (K S ) however), and the remaining classes to be orthogonal to two-forms inherited from B 3 . This is because divisors in the local Picard group typically get destroyed when higher order terms are added to the equations in order to compactify the model [22] . However for special UV completions the set of inherited classes may be larger.
More refined version
The idea discussed above, of only turning on a flux for A Y on S, turns out to be too restrictive phenomenologically. To see this, consider the decomposition of the SU(5) adjoint under SU(3) × SU(2) × U(1) Y :
(2.14)
In order to get the MSSM at low energies, we cannot have any massless modes in the representation R 5/6 . This means in particular that
4 Note this is perfectly compatible with the non-degenerateness of the Poincaré duality pairing on X 4 , because the β M do not form a complete basis of H 2 (X 4 ).
Since deg(L) = c 1 (L) · K S = 0 as noted above, and since S itself must be a Del Pezzo surface in order to avoid massless adjoint valued fields, we have
from the Hirzebruch-Riemann-Roch formula. So the absence of triplets requires that
On the other hand, since
are all honest line bundles on S. But this requirement is inconsistent with c 1 (L 5/6 ) 2 = −2, so we do not get any sensible models without extra triplets this way.
This issue may be addressed however by turning on more general U(1) flux. Suppose that the 10 is localized on Σ 10 and the 5 is localized on Σ 5 . We also assume that we have turned on a G-flux yielding three generations with unbroken SU(5). Such a G-flux gives rise to line bundles M 10 on Σ 10 and M 5 on Σ 5 .
5 Then after turning on L, the massless spectrum localized on the matter curves is given by Let us try to understand the possibility of a more general U(1)-flux from a slightly better perspective, which avoids having to talk about line bundles with fractional powers (except L 5/6 , which we can simply call ζ). Consider a local model for an SU(5) GUT obtained from unfolding an E 6 singularity (our discussion may easily be adapted for E 7 or E 8 ). That is we consider an E 6 ALE fibered over S 2 , with the vanishing cycles labelled by the roots of E 6 (see figure 1 ). We take α 1 and α 2 to be of finite volume and varying over S 2 , and we take the monodromy for α 3 , . . . , α 6 to be trivial. This breaks the gauge group from E 6 to SU(5). The cycles α 1 and α 2 may undergo a monodromy which corresponds to the Weyl reflection associated to α 1 , which maps α 1 → −α 1 , α 2 → α 1 + α 2 and leaves the remaining fundamental roots invariant. When the two-cycle α 2 in the ALE (or α 1 + α 2 ) shrinks to zero size, the singularity increases to SO (10) , so this corresponds to the matter curve Σ 10 . Denote by α θ the highest root, α θ = d i α i where d i are the Dynkin indices. When −α θ shrinks to zero size, the singularity gets enhanced to SU (6) , so this corresponds to the matter curve Σ 5 .
Let us define a canonical basis of Cartan generators ω i satisfying
Let us write ω Y in this basis, taking the roots α 4 , α 5 and α 6 in the Dynkin diagram to correspond to the roots of SU(3) c × SU(2) w . Since we know the hypercharge assignments of the hypermultiplets on the matter curves and of the SU(5) gauge bosons, we see that
and all the remaining commutators zero. Note that these equations are consistent in that the first two imply the third commutator using the definition of α θ . Hence we deduce
Turning on a flux for the corresponding U(1) Y then breaks the SU(5) group to SU(3) × SU(2) × U(1). However, there are other Cartan generators in E 6 that commute with α 4 , α 5 and α 6 , but fail to commute with α 3 . Due to the monodromies, we must still pick something that is invariant under the Weyl reflection W α 1 , but if instead we could turn on a flux for ω Y + t ω 2 for some t, that would suffice equally well for breaking the GUT group to the Standard Model.
As discussed in [12] , in F -theory the Cartan generators ω i correspond to two-forms on the ALE which we denote by the same name, and the α j correspond to two-cycles of the ALE. The integral of the ω i yield the U(1) charges of of BPS membranes (or rather (p, q)-strings) wrapped on the corresponding two-cycle, in particular with our definition we have α j ω i = δ ij so the periods of the ω i are all integral. Now if we can turn on a flux for the U(1) gauge field associated to ω Y − ω 2 , that is if there exists a G-flux of the schematic form
then the quantization law for G says that L 5/6 should exist as a line bundle, but it does not say anything about
In this way of stating it, it also becomes clear that the same freedom should exist in spectral cover constructions for the heterotic string. What we have discussed is the Ftheory dual of heterotic models with structure groups of the form U(n)×U(1) ⊂ SU(n+1) [24, 25, 26, 27] . In appendix A we discuss how to write down such fluxes in the heterotic language, and their dual G-flux constructed using the projected cylinder map, which gives a precise algebro-geometric definition of (2.22) . One should keep in mind that we only want part of a heterotic model (the observable sector, i.e. the local neighbourhood of the GUT brane) while we would like to replace the hidden sector by something else. Indeed as we will see in the next subsection, F -theory models which implement our GUT breaking mechanism cannot have global heterotic duals.
The G-fluxes defined through the cylinder map depend only the choice of the line bundle L 5/6 on S 2 , which we henceforth call ζ. We will denote the resulting G-flux by G ζ . In order to eliminate the axion couplings, c 1 (ζ) must be orthogonal to any class inherited from B 3 , in particular c 1 (K S ) and c 1 (N S ). For primitiveness, ζ must be orthogonal to the pull-back to S of the Kähler class of B 3 . This is also clearly guaranteed by the previous condition. Finally, in order to eliminate massless colour triplet gauge bosons from the spectrum, c 1 (ζ) must be one of the 'simple roots', i.e. a cohomology class with c 1 (ζ) 2 = −2 and c 1 (ζ) · K S = 0. As we discuss in the next subsection, adding G ζ does not alter the net amount of chiral matter, so it is not hard to make toy models; one may take any three generation model and pick a class ζ ∈ H 2 (S) satisfying the above properties.
Other comments
No change in net chiral matter
Turning on a GUT breaking flux of the type considered above does not change the net amount of chiral matter. To see this, first consider the case of bulk matter. The net amount of chiral matter in the bulk of a 7-brane is given by [12, 13] 
where L b is an appropriate line bundle in the bulk. Turning on a GUT breaking flux means we have to compute this index with the line bundle replaced by
However since deg L 5/6 = 0, it is clear that turning on a GUT breaking flux will not change the net amount of chiral matter in the bulk.
Similarly let us consider chiral matter localized on an irreducible curve Σ in S. The net amount of chiral matter is given by [12, 13] 
Now given a particular type of hypermultiplet matter (eg, a hypermultiplet in the 10), the homology class of the union of the matter curves on which this matter propagates is given by a linear combination of [c 1 (K S )] and [c 1 (N S )]. As we discussed, c 1 (L 5/6 ) = c 1 (ζ) integrates to zero over these classes, so again the net amount of chiral matter is not changed by turning on the additional GUT breaking flux.
Doublet-triplet splitting
It may be useful to point out that our GUT breaking mechanism does not lead to a doublet-triplet splitting problem. The zero modes for the doublets and triplets come from different Dolbeault cohomology groups, so we can have light doublets without having light triplets. There will of course still be Kaluza-Klein modes with the same quantum numbers as the triplets, with masses of order the radius of curvature of the surface S, and they can be an issue for proton decay and precision unification. We discuss this in more detail in section 5.
No heterotic or M-theory duals
If B 3 is fibered over S, then the map i * :
is automatically surjective. This is easy to see because any class c 1 (ζ) ∈ H 2 (S) may be pulled back to B 3 . For such compactifications, our GUT breaking mechanism can therefore not be implemented. In particular, it does not work for duals of perturbative heterotic models, which correspond to P 1 fibrations over S. In fact it cannot be implemented in the perturbative heterotic string at all, whether or not it has an F -theory dual, because the zero modes of the axions and gauge fields are both supported on all of the heterotic Calabi-Yau three-fold. One may still use the trick of getting a massless hypercharge as a linear combination of two different sectors, as studied in [24, 25, 26, 27] , though at the cost of giving up unification.
One might also consider implementing this mechanism in M-theory on manifolds of G 2 holonomy. Local models in this context consist of ALE fibrations over a compact threemanifold Q. In order to avoid adjoint Higgses one needs b 1 (Q) = 0. But this implies that b 2 (Q) = 0 also and so we cannot turn on any fluxes.
Thus the possibility of breaking the GUT group by fluxes is intrinsic to F -theory and should contribute to distinctive phenomenological signatures.
GUT monopoles
In GUT models we expect to find solitons, particularly monopoles, which will be generated in the early universe through the Kibble mechanism (for a review, see [28] ). This is true even for the higher dimensional models here; in a sense the role of the Higgs field is played by the internal components of eight-dimensional U(1) gauge fields breaking the GUT group. For the analgous situation in the heterotic string, see [29] .
Let us review quickly some aspects of four-dimensional GUT monopoles. If the GUT group G is broken to a subgroup H, monopoles are classified by π 2 (G/H). From the long exact sequence
and the fact that for any compact simple Lie group we have π 2 (G) = 0, we find that
In the case of adjoint breaking of G = SU (5) to the SM, we have
The action of Z 6 on SU(3) × SU (2) is identified with the center of SU(3) × SU(2). Thus there exists a monopole with charge 1/2g 1 . The monopole also carries Z 3 colour and Z 2 SU(2) magnetic charge. Now let us try to find the monopoles in our F -theory set-up. The important feature which allowed us to break the GUT group was the existence of an extra two-cycle on the worldvolume of the 7-brane, which becomes the boundary of a three-cycle when embedded in space-time. So we expect the existence of hypercharged monopoles must be related to this feature. Let us denote by Ξ ∈ H 2 (S) the Poincaré dual of c 1 (ζ) in S. Since c 1 (ζ) was automatically orthogonal to the Kähler class, then if S is non-singular Ξ can not be represented by a single geometric two-cycle in S, only by a linear combination of them. For definiteness let us say that Ξ = A 1 − A 2 where A 1 and A 2 are geometric cycles (in particular they do not become boundaries when embedded in B 3 ).
Since our mechanism requires that P D(α) becomes a boundary when embedded in B 3 , there exists a three-chain Γ in B 3 such that
Now we can wrap a D3-brane on Γ. There must be a representative of Γ with minimal volume greater than zero, because if we restrict to a sufficiently small neighbourhood of the brane we know that Γ does not exist. This is similar to a D3-ending-on-D5 system and so should correspond to the sought-after monopole.
Let us consider a small six-sphere 'surrounding' the end of the D3-brane. This corresponds to a small sphere in the normal bundle to pt × A 1 together with a small sphere in the normal bundle to pt × A 2 with opposite orientation, where pt is the origin in R 3 . Then the total flux through this 'six-sphere' must be equal to the number of D3 branes wrapped on Γ. More precisely, we consider the eight-manifold T which consists of the six-sphere with the T 2 -fibration on top of it. Then we must have
We will assume χ(T ) = 0. The six-sphere intersects our 7-brane in a four-cycle, which is of the form
with S 2 a two-sphere in R 3 surrounding the origin. The flux integral can be written as
Since the integral S 2 F Y is non-zero, we see that the particle obtained by wrapping a D3 brane on Γ carries magnetic hypercharge. It might be interesting to do the topological analysis carefully and see if the colour Z 3 charge and the SU(2) Z 2 charge can be recovered also.
Our monopoles are also similar to those of [30, 31] . The fact that the monopole is not supported on the GUT brane may seem somewhat puzzling, since one may expect that it can be understood as a bound state of the fields in the eight-dimensional gauge theory.
A similar situation appears in the context of the D3-ending-on-D5 system, to which our configuration is similar. In that context, a field configuration on the D5-brane satisfying the Nahm equations can be understood as a 'fuzzy funnel', a spike growing out of the D5-brane.
Precision of unification: Threshold corrections
Leading corrections to gauge kinetic terms
Even though we have engineered gauge coupling unification at leading order, we cannot expect unification to be precise. The corrections to the leading terms at the GUT scale are organized in a power series in α GU T , and we have
In this section we would like to discuss in detail the leading threshold corrections, here denoted by δ
a . Actually there are two dimensionless parameters in our set-up, α GU T and M GU T /M P l,4 . Since we assume the existence of a decoupling limit, we can make an expansion of the threshold corrections to the gauge kinetic terms:
The M pl suppressed contributions can be regarded as sub-subleading. Thus we may focus on the charged states that remain dynamical in the local geometry. These charged states basically come in two types. There are the ground states of open strings which give us our SU(5) gauge fields and 10 and 5 matter. They give a one-loop correction proportional to α 0 GU T which may be expanded in KK harmonics. They will be discussed at length in the following subsections. The upshot will be that they are related to Ray-Singer torsion and can in principle be computed in any given model, even without knowing the CalabiYau metric. In addition, there are massive excitations of the open strings which gave us the eight-dimensional gauge fields and 10 and 5 matter. They have masses of order the ten-dimensional Planck scale (or string scale) and were not included in our gauge theory. Here we focus on the latter.
In the limit that α ′2 /V S 2 ∼ α GU T → 0, the KK modes of the SU(5) gauge fields and 10 and 5 matter fields are much lighter than other excitations, which will have masses of order the ten dimensional Planck scale. So naively in this limit, one-loop threshold corrections due to integrating out these KK modes would be expected to give the leading corrections to the gauge kinetic terms, with the loop corrections of the massive string modes effectively suppressed by an additional power of α GU T . However the exchange of the very massive modes can still lead to sizable corrections through the higher derivative terms in the Lagrangian. This is because we are turning on field strengths of order
KK in order to break the GUT group. After integrating over S 2 , higher derivative terms suppressed by α ′2 may then give a tree level correction to the gauge kinetic terms suppressed only by an extra factor of α ′2 /R 4 KK ∼ α GU T , and so may be of the same order as the one-loop corrections of the KK modes of the eight-dimensional gauge theory that we mentioned. Moreover, further string loop corrections to such terms are controlled by the expectation value of the dilaton and thus would not be suppressed in F -theory.
The leading higher derivative terms in eight dimensions that may affect unification are the F 4 terms 7 . In the string frame metric, following conventions of [33] 8 , the tree level exchange of the massive stringy tower on top of the SU(5) gauge fields gives rise to
in units where 2π
and STr denotes the symmetrized trace. The parity-even and odd terms are related by space-time SUSY, and so we have written both of them. The value of the string coupling in (4.3) should be set equal to its value at the minimum of the potential that is created by 7-branes at infinity. This will generically be a number of order one, but we do not know the precise value. The 7-branes on which the local gauge theory lives will generate further contributions to the potential, but these are part of the backreaction which can be understood as loop effects by open/closed duality. Now a simple calculation gives, for T c any generator of SU(3) c and T w any generator of SU(2) w ,
in the parity-odd term and integrating over S 2 , we get
7 These effects are analogous to higher dimension operators of the form Tr(F 2 Φ) in four-dimensional models, where Φ is the Higgs field breaking the GUT group [32] . Similar terms appear also in the heterotic string, but there they appear at one-loop order and are usually included with the one-loop thresholds in a full stringy computation. 8 Note that in [33] , the gauge generators are normalized as Tr(T 2 ) = 1 and the gauge kinetic terms are written as − where
In the last line we used the fact that in order to avoid massless colour triplet gauge bosons,
By supersymmetry, the corrections must depend only on the linear combination τ = ie −φ + a, so from this we can immediately read off the parity-even terms proportional to e −φ . Of course we could also directly substitute in the parity-even terms, noting that F ∧ * dP F = −F ∧ F since the flux we turn on is ASD in order to preserve SUSY. In the string frame we have
and δ
The fact that the signs are positive has a simple interpretation: turning on fluxes should increase the tension of the 7-brane. If desired we can now switch to the Einstein frame, which is more natural in F -theory. This has the effect of rescaling V S 2 → e φ V S 2 , so that α GU T depends only on the volume of S 2 measured in the Einstein frame, and leaves the four-dimensional Yang-Mills action invariant (since it is classically scale invariant). Unfortunately we see then that δ F 4 depends explicitly on the string coupling e −φ , which is not determined by the parameters α GU T , M GU T and G N which we can infer from low energy data and has to be measured separately. All we know is that it is a number of order one.
At one loop in the eight-dimensional SYM theory, there is a divergent contribution of the form [34, 35] log(
from the box diagram. Since the F 4 terms are BPS saturated at one loop in theories with sixteen supercharges [36, 37] , this is actually the full open string answer, i.e. the heavy string modes do not make any contribution at one loop. It is useful to express the trace in the adjoint in terms of fundamental traces using the identity (for SU(n) gauge group)
The divergent Tr f (F 4 ) piece can be absorbed in the tree level piece by a shift in the dilaton. Since we already had to measure the value of the dilaton anyways, this introduces no additional uncertainty. From the non-planar piece we should subtract contributions which in the closed string channel are one-particle reducible diagrams corresponding to tadpoles with massless closed string propagators in between. By analogy with the type I string, this should remove the non-planar piece entirely [38] . So the upshot is that the one loop corrections in the gauge theory to the F 4 terms correspond to placing the brane in a back-reacted closed string background and the massive open string modes don't contribute. It is believed that there are no higher loop corrections to the F 4 terms [39] . This has not been rigourously established, but it will be our operating assumption from now on. Therefore, the only threshold corrections due to heavy string modes that we need to worry about are the tree level corrections discussed above.
Once we compactify, the allowed divergences are still constrained by the eight dimensional theory before compactification, and should be dealt with in the same way, by modifying the background metric and dilaton. The eight-dimensional loop computation in the gauge theory can be expanded in a sum over KK modes, which will be discussed in the next subsection.
There are of course further corrections to the effective action in eight dimensions at higher order in derivatives. However they will be suppressed by additional powers of α GU T and so are not of interest to us. Moreover, they should not affect the gauge kinetic terms at any rate because that would change the tension of a BPS D3 instanton configuration in the 7-brane, but not its charge.
So far we have discussed contributions from the strings whose ground states yield the SU(5) gauge fields in eight dimensions. We further have to include the modes of the open strings stretching between different 7-branes, whose ground states give rise to charged matter in the 10 and 5. Such strings couple to certain linear combinations of the SU(5) gauge field on the GUT brane and the gauge field on the non-compact brane restricted to Σ, and so they could give rise to higher derivative corrections of the form
where j is the embedding of R 4 × Σ into the worldvolume of the 7-branes. Even if such a term is generated, it is impossible to write a term with 5+1 dimensional Lorentz invariance that reduces to four-dimensional gauge kinetic terms upon integrating over F Y , so we have to go at least to the Tr(F 4 ) corrections on Σ to get such a contribution. However such contributions will be proportional to at least
GU T (i.e. they are suppressed by at least α 3/2 GU T compared to the leading terms ), so they are not relevant for our discussion. (Of course there could also be terms of type R 4 ×Σ Tr(j * F 2 ) R, however they would give an SU(5) symmetric contribution that can be absorbed in the bare coupling).
Finally it remains to discuss the one-loop corrections of the KK modes of the SU(5) gauge fields on S 2 and the 10 and 5 matter on Σ 10 and Σ 5 . This is the subject of the following subsections.
One-loop KK thresholds
We would now like to discuss loop corrections to unification from integrating out Kaluza-Klein modes of the gauge theory, which give the remaining corrections to δ (0) a . We will see that they can be determined without knowing the Calabi-Yau metric.
Generalities
We briefly recall some relevant formulae. The one-loop running for the gauge couplings in four dimensions is given by
with (k 1 , k 2 , k 3 ) = (5/3, 1, 1). The one-loop beta-function coefficients are given by
where Q a is normalized so that Tr(Q 
In our case this will be a sum over N = 1 vector multiplets and chiral multiplets. The Tr Q 2 a piece in (4.15),(4.16) factors out for each supermultiplet, and we have
For later purposes we would like to expand (4.14) a little. If all matter would come in complete SU(5) multiplets, then we would have (
. However the gauge multiplets and the electro-weak Higgses do not come in complete multiplets. Then we can decompose 
To compute the one-loop threshold corrections, we need the massive spectrum of the Dirac operator of the eight-dimensional gauge theory. As explained in [12] , after compactification this Dirac operator decomposes into various Dolbeault operators, coupled to holomorphic bundles. Let us recall some generalities. Consider a holomorphic bundle V on S, and its associated Dolbeault operator
where R is some representation of the structure group of V . Let us denote by
the Laplacian acting on Ω 0,n S ⊗ R(V ). Then we are interested in the spectrum of∂ +∂ † , or equivalently the spectrum of ∆ n,R(V ) which gives the squares of the eigenvalues. More precisely, we are interested in the combination of eigenvalues appearing in (4.16) . This is the logarithm of the determinant of ∆ n,R(V ) . Naively the sum over eigenvalues is not well defined. Traditionally it is defined using zeta function regularization [40] . That is we consider ζ ∆ (s) =
For elliptic operators one may show that ζ ∆ (s) extends to a meromorphic function on the complex plane. Then we define log det
Here we explicitly excluded the zero modes, because in (4.16) we want only the massive modes. This is indicated by the prime on the determinant. For relations with some other regularization schemes see [41] .
KK modes of SU(5) gauge fields
Now we are ready to write expressions for the one-loop contributions of Kaluza-Klein modes to the gauge couplings. As discussed in [12] there are several scenarios we can consider. Here we will take the case of an SU(5) gauge field propagating in the bulk and all chiral matter localized on 7-brane intersections. It is not hard to write down analogous formal expressions for other scenarios, with one or more chiral fields and a larger gauge group supported in the bulk of the 7-brane (though of course evaluating them in explicit examples is another matter). Let us first consider the eight-dimensional SU(5) gauge fields. Turning on a U(1) flux proportional to hypercharge breaks SU(5) to
SU(3)
(4.24)
We would like to sum up the contributions of the Kaluza-Klein modes of the SU(5) gauge fields. For brevity we denote by ∆ n,Y the Laplacian acting on Ω 0,n (L Y
We also need
Altogether then we find
or more explicitly
+K −5/6 ) (4.28) where g indicates that these are the contributions from the gauge fields. Note incidentally that since c 1 (L 5/6 ) corresponds to a simple root, the Del Pezzo has a diffeomorphism symmetry (namely the Weyl reflection generated by c 1 (L 5/6 ) itself) which takes L 5/6 → L −5/6 , so we expect K 5/6 and K −5/6 to be identical.
The expression we have written can be related to holomorphic Ray-Singer torsion. The appearance of Ray-Singer torsion is not unexpected; in the heterotic string [42] and in M-theory on manifolds of G 2 holonomy [15] , the threshold corrections can also be related to Ray-Singer torsion. To see this, let us first note that the massive spectrum of ∂ †∂ acting on zero-forms is the same as the massive spectrum of∂∂ † acting on one-forms. This corresponds to the fact that a massless vector superfield eats a chiral field in order to obtain a mass. Similarly, the massive spectrum of∂ †∂ acting on one-forms is the same as the massive spectrum of∂∂ † acing on two-forms. This corresponds to the fact that two chiral fields with opposite charges need to pair up in order to gain a mass. Thus we may rewrite (4.25) as
Now we define the holomorphic Ray-Singer torsion as
The determinants are defined as before using zeta-function regularization. Note that the conjugate linear * -operator commutes with the Laplacian, and maps the eigenvectors and eigenvalues of ∆ n,R(V ) to those of ∆ 2−n,R * (V )⊗K S . Therefore we have
is the the same as K Y , modulo the extra dependence on Λ 2 . The relation between them can be found using
Hence we may write
we mean the scale of S 2 .
Dependence on Λ
The scaling dependence of the holomorphic torsion can be deduced from the metric anomaly formula for the torsion derived by Bismut, Gillet and Soulé [43] . This is worked out in more detail in appendix B. We find that
The pieces which do not depend on the bundle will obviously end up giving a universal contribution proportional to k a log Λ 2 , so we can omit them. In order to use the formula, we need to apply it to two special cases. For modes in the representation R 0 we need to use (4.34),(4.35) with V = O where O is the trivial line bundle. Omitting the V independent terms, this gives us
Further adding the contribution for the zero mode, this makes for a Λ-dependent contribution to 16π
Similarly we write the contributions from the modes in the representation R 5/6 . In this case we need to substitute V → L 5/6 in (4.35). Further, since L 5/6 will be chosen so that
) may be non-zero. In our models, we further want h 1 (S, L 5/6 ) = 0 in order to eliminate undesirable triplet gauge bosons in the spectrum. However the theory makes sense for any h 1 , so we leave it non-zero for now. Again omitting the V independent terms, we have
Including the contribution of the zero modes, we find that the Λ dependence for the modes in the representation R 5/6 is given by
The contribution for R −5/6 is clearly identical. We see that the total Λ dependence in (4.37) and (4.39) is not the same. Hence the total is not proportional to k a log Λ 2 , and the divergence cannot be absorbed in a redefinition of the bare gauge coupling alone. This could hardly be so since the contribution of the h 1 zero modes is not proportional to k a .
Indeed, as we discussed there is a loop correction of the form log(Λ 2 )t 8 Tr adj (F 4 ) in eight-dimensional super Yang-Mills theory. After compactifying, this gives a divergent contribution to the four-dimensional kinetic terms of the form log Λ 2 n a TrF 2 a (4.40)
Note in particular that for the U(1) Y gauge field the Tr(F 2 )Tr(F 2 ) piece gives a contribution where the two four-dimensional gauge fields come from different traces, whereas such contributions for the non-abelian gauge fields are always zero. Now one may check that Tr R 0 (Q 2 a ) (or equivalently Tr R 5/6 (Q 2 a )) is a linear combination of k a and n a . Thus the divergences can be understood as one-loop contributions to the eight-dimensional Tr(F 2 ) and Tr adj (F 4 ) terms, as expected.
From the four-dimensional perspective, we should add a suitable counterterm which cancels the Λ dependence. The log Λ 2 dependence of the amplitude in the eight-dimensional gauge theory indicates that the back-reaction grows far from the 7-brane. In fact it can be interpreted as the Green's function of the Laplacian in the two dimensions transverse to the 7-brane. The divergence is cancelled by including suitable 7-branes with opposite charges at infinity, so generally a natural cut-off would be of the order Λ ∼ V −1/6 B 3
. However in our case the 7-brane is wrapped on a shrinkable four-cycle, and so the codimension of the brane will be effectively larger. In such situations it is more natural that we effectively have Λ ∼ 1/R (as occurred in eg. [15] ). After some rearranging , we can express the running incorporating only the contributions from the SU(5) gauge fields as 
KK modes of matter fields
Similarly we may write expressions for the Kaluza-Klein towers of the modes localized on the matter curves, Σ 5 and Σ 10 . Actually the matter curve Σ 5 is usually singular and it turns out that charged matter naturally propagates on the normalization of the matter curve [14] , so in the following we shall actually use the notation Σ 5 to denote this normalization. We decompose the SU(5) multiplets as
Again it is a convenient shorthand to omit the SU(3) × SU(2) transformation properties and denote these representations by their hypercharge, R Y . Let us concentrate on Σ 10 . The total flux on this curve consists of the flux of a line bundle M 10 which we may think of as coming from a non-compact 7-brane, and the flux of the hypercharge gauge field (corresponding to a line bundle L Y ). We consider the Laplacian ∆ n,Y = (∂ +∂ † ) 2 acting on Ω There should be no confusion with the Laplacians ∆ n,Y on S introduced earlier, because they act on representations with different values of Y . For each eigenvector of ∆ n,Y we get a chiral or anti-chiral field (depending on whether n = 0 or n = 1) in the representation R Y . Thus we will need the following combination of determinants:
In fact it is not hard to see that the massive spectra of ∆ 0,Y and ∆ 1,Y are identical. Intuitively, this is the statement that we need a chiral and an anti-chiral fermion in order to write down a mass term. Hence modulo the Λ dependence we are actually interested in twice the holomorphic Ray-Singer torsion on Σ 10 :
The resulting contributions to the threshold corrections are summarized in table 2. Similarly of course we will get contributions from Σ 5 which are also in table 2. We should also add the contributions of the matter curves where the Higgses are localized or additional messenger fields for supersymmetry breaking, if these are different from the curves where quarks and lepton are localized. Of course the expressions are of the same form so we did not list them separately.
Putting all the one-loop corrections together, we get Given our result for the scaling of T Σ,Y in appendix B, and using the fact that Σ F Y = 0, we see that the log Λ 2 dependence of the remaining terms is also proportional to k a . Thus we may replace the remaining occurrences of Λ by R −1 KK , since the difference can be absorbed in the bare coupling 16π 2 k a /g 2 . Thus we end up with One may contrast this situation with the analogous one in compactifications of Mtheory on ALE-fibered manifolds of G 2 holonomy [15] . In that case charged matter is localized at points on the G 2 manifold and so does not contribute a tower of KK modes to the one-loop running. The situation in F -theory is a bit more complicated.
Toy models
We would like to be able to get an idea of the size of the heavy threshold corrections, and their effect on unification. Before we start, we state some general formulae. With some simple algebra, the relation between the GUT scale parameters and the parameters measured at low energies can be expressed as [44] 
and a
em (M Z ) = 127.9 ± 0.1. These equations will be used in the following way. We use the experimental values of α em (M Z ) and sin 2 θ W (M Z ) to predict M KK . Then we run them back down to predict α 3 (M Z ). The GUT scale, defined as the scale where α We see that although α −1 3 comes out slightly too large, the one loop running of the MSSM gives a remarkably accurate prediction.
However we should really include various corrections due to two loop running, scheme conversion, and light SUSY thresholds. The effects can be summarized [45, 46, 47] by adding a correction δ Of course this is not the only correction, we still have to take into account the one-loop terms, which as we explained compete at the same order in α GU T . In the following we would like to compute the determinants for some toy models, the special cases of line bundles O(n, −n) on P 1 × P 1 and line bundles on genus one matter curves.
In order to compute the torsion for O(n, −n), we first need the torsion for the line bundle O(k) P 1 . The eigenvalues we need are well-known -they are just the energy eigenvalues for a charged particle moving on a sphere in a magnetic field. For the sphere, the eigenvalues of the Laplacian on zero forms are given by l(l +1) with multiplicity 2l +1. The eigenvalues of ∆ k are given by l(l + |k + 1|) with multiplicity 2l + |k + 1|. Thus we need
This was evaluated in [48, 49, 50] , with the result
where ζ
. Now we can use this to compute K Y . We use the product formula for Ray-Singer torsion [40, 51] 
We take the radii of the two P 1 's to be equal, since we imagine an embedding of
in B 3 such that the difference between the two rulings becomes homologically trivial. Now we can take L 5/6 = O(n, −n), n = 0, so that
with b 5/6 a = (50/3, 6, 4). In order to have no massless triplet gauge bosons we need n = 1, but the model makes sense for any n. Using (4.51), for n = 1 we get
Thus we see in this toy example that the corrections work in opposite directions: for n = 1 the sign of δ g,sin is positive so the KK scale is increased, decreasing α −1 3 (M Z ), but the sign of sign of δ g,α 3 serves to reduce the discrepancy. Plugging in mathematica, the net effect however is a slight increase in the discrepancy. Now let us examine contributions from the matter curves. We discuss first Σ 10 but the case of Σ 5 is completely analogous. Since the net GUT breaking flux through each matter curve must be zero, the matter curve cannot be a P 1 . Thus the first non-trivial case corresponds to Σ 10 having genus one. Let us recall some results about Ray-Singer torsion for T 2 , which we take to be flat with modular parameter τ . For flat line bundles we have [40] T Lz = log |e
where z = u − τ v specifies a point on the dual T 2 , and L z is the corresponding line bundle on T 2 . When z → 0, the theta function has a zero and the torsion is minus infinity. This is because one of the eigenvalues of the Laplacian goes to zero in this limit. Thus for z = 0 (i.e. for the trivial line bundle) we have to remove this zero and the torsion is instead given by
Now we consider
Using (4.51), this leads to the following corrections
where we used that T Lz = T L −z and all the torsions should be evaluated at R → 1. Evaluating in mathematica for generic τ and z, the corrections work in opposite directions, and the net effect is again a slight increase in the discrepancy. For generic values of the moduli, the eigenvalues are of order the compactification scale and the corrections they give upon integrating out are small. However for special values of the moduli, in this example z → 0, an eigenvalue may become parametrically lighter than the KK scale and give large corrections. In our example we can easily find small values of z which repair the discrepancy, eg. for τ = I and z = 0.1 − 0.1I (and including the two-loop and light SUSY thresholds, but none of the other heavy thresholds) we find α 3 (M Z ) ∼ 0.1157.
Similarly we can consider a toy model for the threshold corrections coming from Σ 5 . Typically this matter curve has genus larger than that of Σ 10 , however just to get an idea for the size of the corrections let us assume that Σ 5 has genus one and
Then we find Again, it is dangerous to compare these contributions to those from Σ 10 , since in a given model the curves and line bundles on them cannot be identical. At any rate as long as T O − T Lz is positive, which according to the results for (4.65) is true for a large range of z, the effect of both corrections is to reduce the discrepancy.
Conclusions
The full expression for the leading corrections to the gauge kinetic terms is given by
The first three correction terms can be expressed in terms of Ray-Singer torsion which depends only on complex structure moduli. The correction δ (other) a is due to two-loop running and light SUSY thresholds. The δ a correction is proportional to the value of the inverse string coupling, which is set by the details of the compactification and is generically of order one. Unfortunately it serves to increase the discrepancy between the predicted value of α 3 (M Z ) and the experimental value. In our toy models, the one loop corrections could either increase or decrease α 3 (M Z ) although the correction is generically rather small. However for certain values of the parameters it is not hard to get values in agreement with experiment.
Proton decay
In this section we discuss some constraints on F -theory models due to observational constraints on proton decay 9 . We will denote the 5 modes consisting of (L, d c ) by 5 m (m for 'matter) and the 5 mode consisting of (H d , T d ) by 5 h . Of course we should engineer our model so that after breaking the GUT group there are no massless colour triplets. Massless chiral matter is assumed to live on 7-brane intersections rather than in the bulk of the 7-brane. Although we will not discuss it in detail, it is not hard to see that it is difficult to prevent fast proton decay otherwise.
Fibered root systems and degenerations
In order to be fairly concrete, we first recall some aspects of local geometries for 7-branes and the description of the matter curves. We focus on an E 8 ALE (or dP 8 ) fibration over our surface S 2 , unfolded to an SU(5) singularity. The two-cycles of the ALE are labelled by the roots of E 8 , in such a way that the intersection matrix agrees of the simple roots agrees with the Cartan matrix of E 8 . We pick a maximal subgroup SU(5) H × SU(5) GU T where {−α θ , α 1 , α 2 , α 3 } are the creation operators for the adjoint representaton of SU (5) In order to unfold the E 8 singularity to an SU(5) singularity, we keep the cycles {α 5 , . . . , α 8 } zero size, but give a finite size to {−α θ , . . . , α 4 }. As we transport the latter around S 2 , the cycles may be permuted by monodromies. The monodromies are given by the Weyl group W A 4 , generated by the Weyl reflections {W α −θ , W α 1 , .., W α 3 }, which plays the role of the structure group breaking E 8 to SU(5) GU T . To parametrize the sizes of the cycles, we introduce the dual basis ω i of (1, 1) forms on the ALE such that α j ω i = δ ij , and further the generator ω θ satisfying ω θ + d i ω i = 0. Then on each local patch of S 2 , the fibration is described by
where t i is a (2,0) form on the patch and t i ≡ 0 for i = 5, ..., 8 in order to enforce the SU(5) singularity. To make contact with [54] , for each point on S 2 the vector t determines a Weyl chamber, and the set of Weyl chambers varying over S 2 is called the cameral cover.
A more convenient way to specify such a fibration is as follows. We need to specify five global holomorphic sections {a 0 , a 2 , a 3 , a 4 , a 5 } with Chern classes given by [10, 11] [ where c 1 = c 1 (T S 2 ) = −c 1 (K S ) and −t = c 1 (N S ). The a i /a 0 , i = 2, .., 5 are the Casimirs of the VEV of the adjoint field Φ 2,0 of the eight-dimensional gauge theory. Let us introduce variables u, z, x, y of degrees 1, 1, 2, 3. Then we may write the sections as a single expression
and the dP 8 geometry is given by
To recover the deformed ALE, we set u → 1. Now the a i are given by W A 4 invariant polynomials in the t i . I.e. if we first define
then W A 4 acts as the symmetric group on the s i and in our local patch we can take a n /a 0 = σ n (s), n = 2, ..., 5 (5.6) where σ n is the nth symmetric polynomial. The combination σ 1 (s) is zero automatically due to the constraint
The adjoint representation of E 8 decomposes into the adjoint of SU(5) H × SU(5) GU T plus some remaining representations, which can be read off from the Dynkin diagram. The E 8 root α 4 is a weight for the (5, 10) representation of SU(5) H × SU(5) GU T (since it extends the SU(5) H root system to SU(6) and the SU(5) GU T root system to SO(10)), and acting with the remaining creation operators give the remaining weights of this representation. Similarly −α 4 gives the (5, 10), 2α 4 + α 3 gives the (10, 5) and −2α 4 − α 3 gives the (10, 5) .
Over a generic point on S 2 , only α 5 , . . . , α 8 have zero size, and wrapping membranes (or rather (p, q) strings) on these cycles gives the eight-dimensional SU(5) vector multiplet. However over a complex codimension one locus on S 2 , an extra cycle may shrink to zero, and wrapping a membrane on it gives rise to a hypermultiplet. When a 5 = 0, the cycle α 4 (or one related by W A 4 Weyl reflections) shrinks to zero and the singularity type is enhanced to SO (10) . The extra massless states transform in the 10 of SU(5) GU T , so this corresponds to the matter curve Σ 10 :
On the other hand, when the cycle α 3 + 2α 4 (or one related by W A 4 ) shrinks to zero, the extra vanishing cycles transform in the 5 of SU(5) GU T , so this locus corresponds to Σ 5 . This means that p 5 has solutions which are interchanged under y → −y, equivalently if we write p 5 = (a 0 + a 2 x + a 4 x 2 ) + y(a 3 + a 5 x) = P (x) + yQ(x) (5.8)
then P (x) and Q(x) should have a common zero. This is measured by the vanishing of the resultant, so when
we get the matter curve Σ 5 .
Now recall that the Yukawa couplings are given by the triple overlap of wave functions:
where by the trace we just mean that one should pick a gauge singlet. Since our wave functions are localized on the matter curves, the Yukawa couplings get contributions only from the intersection of Σ 10 and Σ 5 . When these curves intersect, we have a 5 = 0 and R = 0 so we must also have a 3 = 0 or a 4 = 0. If a 5 = a 4 = 0, then up to Weyl reflections we can say that the cycles α 4 and α 3 shrink to zero and the singularity type is enhanced to E 6 . If we wrap a membrane (or really (p, q) string from the perspective of the IIb space-time) on the cycles α 4 , α 4 + α 3 and −2α 4 − α 3 , giving us particles charged in the 10, 10 and 5 of SU(5) GU T respectively, then at the E 6 intersection point there is a relation in homology
This means that the three membranes wrapping these three cycles may be combined into a topologically trivial configuration which can be pulled off the 7-branes. From the perspective of the IIb space-time, it means that on this intersection the ends of the three open (p, q) strings can be combined into a gauge singlet, so that the total configuration is a closed string which can be pulled off the branes. In terms of group theory, the statement (5.11) is equivalent to the fact that if we decompose the 78 of E 6 under SU(5) GU T × U(1) a × U(1) b , which yields 10 1,1 + 10 −1,1 + 5 0,2 + c.c plus additional neutral matter, then the Tr(78 3 ) contains a contribution 10 · 10 · 5. Thus at such an intersection we get a contribution to the up type Yukawa coupling:
On the other hand, we can also argue that there is no contribution to the down type Yukawa at this E 6 intersection point, because 10 · 5 · 5 is not neutral under U(1) a or U(1) b . By itself this is certainly not sufficient to guarantee the absence of down type Yukawas, because both U(1) a and U(1) b are Higgsed by the VEV for the adjoint field Φ that is responsible for breaking E 8 to SU(5) GU T . So there are no four-dimensional gauge symmetries under which the down type Yukawa is charged, and one should be suspicious that gauge invariant higher order operators of the schematic form 10 · 5 · 5 · Φ on the worldvolume of the 7-branes lead to effective down type Yukawa couplings. In fact such higher order terms are likely present in the Lagrangian, however VEVs of the components of Φ that are charged under U(1) a and U(1) b vanish precisely at the E 6 type intersection where the product of wavefunctions 10 · 5 · 5 is localized, so after integrating over the 7-brane worldvolume we see that the corresponding four-dimensional coupling vanishes.
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Now consider the other type of intersection point, where a 5 = a 3 = 0. Here we have (up to Weyl reflections) α 4 = 0 and α 9 = 0, where we define
Note that α 9 is a weight for the (10, 5) of SU (5) H ×SU(5) GU T , and by acting with raising and lowering operators we can get the remaining states in this representation. Computing the inner products, we see that the Dynkin diagram of {α 4 , .., α 9 } is that of SO (12), so the singularity type is enhanced to SO (12) . Now note that α 4 + α 9 is still a root of SO (12), so we can make gauge invariant combinations of the type 10 · 5 · 5, yielding the down type Yukawas:
14)
The curve R = 0 clearly has a double point singularity at this intersection point. As pointed out in [14] , if we keep track of the vanishing cycles along each branch, we see that the charged open strings, and hence the hypermultiplet in the 5, actually naturally propagate on the normalization of the matter curve.
It was checked in [14] that generically, the intersections discussed above are the only ones that occur. However it is possible to engineer self-intersections of Σ 5 or Σ 10 where a different type of singularity enhancement occurs. Let us define the root
This is one of the weights of the (10, 5) representation of SU (5) H × SU(5) GU T . Now suppose thatα 8 and α 9 vanish at the same time. The Dynkin diagram generated by {α 8 , α 8 , α 5 , α 6 , α 7 , α 9 } is that of SU(7). Clearly this corresponds to an intersection of two branches of Σ 5 which misses Σ 10 . To arrange it, we need that R has a double zero and a 5 = 0. Now let us apply to α 9 the raising operator corresponding to the highest root of SU(5) GU T , yielding:α 9 = α 2 + 2α 3 + 2α 4 + 3α 5 + 2α 6 + α 7 + 2α 8 (5.16) The difference between these two roots is
Hence we see that α 2 + α 3 is also a vanishing two-cycle, but if we wrap a membrane on it we get a hypermultiplet N which is neutral under SU(5) GU T . This corresponds to one of the non-normalizable complex structure moduli describing deformations of the 7-branes. Indeed α 2 +α 3 is a root for SU (5) H , so we see that N transforms in the adjoint of SU (5) H . In the heterotic string, it would be identified with a vector bundle modulus. From the homology relation (5.17), we also see that we can get a Yukawa coupling
Turning on an expectation value for N yields a mass term for the hypermultiplet. This clearly corresponds to joining the two branches Σ 5 and Σ 5 into a smooth curve. Similarly when two branches of Σ 10 intersect while missing Σ 5 , we can get a coupling of the form 10 · 10 · 1. This corresponds to a 5 = da 5 = 0 and R = 0.
Operators of dimension four and five
In the SU(5) GUT models R-parity is not guaranteed. In order to prevent couplings of the type 10 m · 5 m · 5 m , we have to somehow be able to distinguish between 5 h and 5 m zero modes. This can be achieved by localizing the 5 h and 5 m on different matter curves, charging them differently under an extra gauge symmetry, or both. Similar ideas were discussed already in [55] .
Clearly for a generic choice of sections, the matter curves will be irreducible. Hence if we want Σ 5 to be reducible, we must require R to factorize into two global holomorphic sections, R 8c 1 −3t = b 8c 1 −3t−q b q for some q ∈ H 2 (S 2 ). Note this does not necessarily mean that Σ 10 also factorizes. We will take Σ 5m to correspond to b 8c 1 −3t−q = 0, and we will further factorise b q = b u b d so that b u = 0 and b d = 0 correspond to Σ 5 h and Σ 5 h respectively (it will be clear later why this is needed).
Therefore one solution to eliminate dimension four proton decay is as follows: we must factorize R as above, and in order to eliminate the 10 m · 5 m · 5 m Yukawa coupling we must adjust a 3 so that there are no simultaneous solutions to b d = a 3 = 0. Generically there will still be solutions to R 8c 1 −3t−q = a 3 = 0, so we still get 10 m · 5 m · 5 h down type Yukawa couplings. Or if we are content with eliminating the down type Yukawas at tree level, we could simply require that Σ 10m and Σ 5 m do not intersect at all. Such a configuration still allows for up type Yukawa couplings. The latter option actually seems somewhat attractive since only the top quark Yukawa coupling is experimentally observed to be of order one.
There are additional possibilities in F -theory for eliminating dimension four proton decay. Another idea is to distinguish between 5 h and 5 m zero modes through extra U(1) symmetries which pick up a mass through the Stückelberg mechanism. One of the simplest possibilities is to engineer an I * 1 singularity leading to an SO(10) gauge group, and then breaking this to the SU(5) GUT group by turning on suitable G-fluxes, similar to those we have discussed in the context of breaking the GUT group to the MSSM. In this case the U(1) B−L ⊂ SO(10) gets a mass through a Stückelberg coupling to a RR axion, leaving behind an approximate global U(1) B−L symmetry. The shift symmetry of the axion forces most corrections to vanish. In compact models this symmetry will still be broken by D3-instantons, which can generate interactions of the form:
where f (m) is a one-loop determinant depending on complex structure moduli. But clearly such effects are exponentially suppressed and so we have a good approximate symmetry. Now the 5 h and 5 m zero modes can be distinguished due to their different origins in SO(10), which leaves them with a different charge under U(1) B−L . Since U(1) B−L forbids R-parity violating terms, such models implement R-parity while still allowing for both tree level up type and down type Yukawa's (inherited from the 16 · 16 · 10). In general, a U(1) symmetry may pick up mass terms both from Stückelberg couplings to axions as well as a coupling to the eight-dimensional adjoint Higgs field.
We note that similar ideas were discussed already at length in [55] (mostly from dual points of view, but as noted there easily translated to F -theory). However it seems our formulation here is a little more general. In [55] the idea was to consider sections a i such that we have a 3+2 factorization
Other factorizations were also discussed in [55] . This is dual to reducible heterotic bundles with holonomy SU(3) × SU(2) × U(1), and hence the gauge group is SU(5) GU T × U(1) q 7 . The matter localized on b 2 = 0 and d 3 = 0 have different charges under U(1) q 7 . The extra U(1) q 7 is actually anomalous and receives a mass through the Stückelberg mechanism. By further turning on small expectation values for complex structure moduli, we can smooth p 5 back to a non-factorizable form, and the coefficients of the proton decay operators will be proportional to the small complex structure moduli VEVs. Essentially this means there are two scales, the compactification scale at which the gauge symmetry is broken from E 8 to SU(5) GU T × U(1) q 7 , and a much lower scale where the U(1) q 7 can be screened perturbatively and can no longer prevent the generation of proton decay operators.
In four-dimensional models, the dimension five operators d 2 θ QQQL and d 2 θ UDUE leading to proton decay can be generated by exchange of massive higgsino triplets. If present, they lead to the decay p → K +ν with a lifetime that is hard to reconcile with experiment. In F -theory models there is a natural solution to the doublet-triplet splitting problem, which basically eliminates the triplet partners of the Higgses. However there are still massive KK modes with the same quantum numbers (charged in the representation (1, 3) 1/3 and its conjugate) supported on the matter curves. Their exchange would lead to the same dimension five operators suppressed only by a single power of M KK , which is close to M GU T modulo threshold corrections, and thus leads to essentially the same problems as in four-dimensional models. So we would like to eliminate the leading contributions to these operators.
Massive fields in the (1, 3) 1/3 representation naturally propagate on any of the matter curves which support a 5 or 5, i.e. curves which support (L, d c ), the Higgses and possibly messenger fields for supersymmetry breaking. This means such dimension five operators are generically present and we have to work to avoid them. If we want 10 m · 5 m · 5 h down type Yukawa couplings then there will be interactions of the form
where T d is a massive KK triplet supported on Σ 5 h . Now further since we have 10 m ·10 m ·5 h up type Yukawa couplings, there will also be couplings of the form
where T u is a massive KK triplet supported on Σ 5 h .
Thus our options seem to be (1) arrange the matter curves so that a mass term of the form mT u T d is forbidden, (2) engineer some U(1) symmetry so that the dimension five operators are forbidden, or (3) arrange the matter curves so that the down type Yukawas, and hence also QLT d + UDT d are classically forbidden. The third scenario was already discussed in the context of eliminating the dimension four operators, however on its own it now seems less appealing. Whatever quantum effect would end up generating the down type Yukawas of the right order of magnitude would presumably also end up generating QQT u + UET u with coefficients that are too large, unless we also eliminate mT u T d mass terms.
For the first scenario, we must make sure that either Σ 5 h and Σ 5 h do not intersect, or if they do it must be a type of intersection that does not allow for a 5 · 5 mass term. This is the reason why in the above we required the Higgs curve to factorize as b q = b u b d , and as we see we actually need a slightly stronger condition on the allowed intersections. It is also the same condition that would eliminate the classical µ term, so we see that these two issues are connected.
What about the second scenario, i.e. models with global U(1) symmetries of the type we discussed above? Embedding in SO(10) does not really help because the 16 4 contains a singlet. One could try to hope embedding in E 6 (and breaking to SU(5) GU T by turning on a U(1) × U(1) bundle) will work, because the 27 4 does not contain a singlet. On closer inspection it turns out the extra U(1) symmetry is not sufficient to prevent all dimension five operators, which can still be generated through triplet exchange [56] . It is conceivable that by further embedding in E 7 or E 8 , sufficient U(1) symmetries are available, but we have not investigated this.
Even if we eliminated the classical dimension four and five operators, they may still be generated through D3-instanton effects. Such effects are presumably too small to be observed.
Operators of dimension six
Assuming we have engineered the dimension four and five operators leading to proton decay to be absent, we now turn to the dimension six operators (the four-fermi terms). These can be mediated by massive gauge bosons in the representation (2, 3) −5/6 . The internal wave functions of these particles are scalar fields supported in the bulk of the 7-brane. 11 We will follow the formulation of [15] , making adjustments for the F -theory setting.
In four-dimensional SU(5) GUTs, dimension six proton decay 12 comes from exchange of massive gauge bosons in the (2, 3) −5/6 , resulting in the matrix element
with J µ ∼ Ψ 10 γ µ Ψ 10 + Ψ 5 γ µ Ψ 5 . In F -theory, there is a whole tower of massive gauge bosons with these quantum numbers. They are KK modes of the eight-dimensional SU(5) gauge field, whose internal wave functions are eigen-functions of the scalar Laplacian on S (the 7-brane worldvolume). Thus we can immediately write down the analogous expression:
Here the currents are constructed from the wave functions of the fermionic zero modes, j µ (x, z) ∼ Ψγ µ Ψ(x, z), with x denoting coordinates on R 4 and z denoting coordinates on S, and G(z 1 , z 2 ) is the Green's function for the scalar Laplacian on S, for scalar fields 11 To be fair, the internal wave functions for the longitudinal modes of these gauge bosons are exact one-forms on S 2 , but as we consider couplings to conserved currents these modes are not relevant. 12 In flipped SU (5) or SO(10) models there are additional dimension six operators mediated by heavy gauge bosons in the (2, 3) −1/3 representation. Also, dimension six operators mediated by exchange of scalars in the (1, 3) 1/3 are presumed absent due to whatever mechanism eliminated the dimensions five proton decay operators.
dependence of this expression with the analogous one for four-dimensional GUTs. Using our earlier expressions, g So in general, depending on the complex structure moduli, we can interpolate between these expressions.
Conclusions
F -theory models can be engineered to eliminate significant proton decay through dimension five operators. The dimension six operators receive contributions from massive KK gauge bosons. Their wavefunctions are supported in the bulk of the 7-brane, and so such contributions can likely not be suppressed. Processes coming from the 10 · 10 OPE may be enhanced with respect to those coming from the 10 · 5 OPE if Σ 10 m and Σ 5m do not intersect, and in general there is a parametric enhancement of dimension six proton decay compared to conventional four-dimensional models by a factor α In four-dimensional GUTs, with M GU T ∼ 3 × 10 16 GeV, we get [53] τ (p → π 0 e + ) ∼ 10
35±1
yrs. This is out of range for current experiments, which provide a bound τ (p → π 0 e + ) > 5 × 10 33 yrs. Unfortunately with current knowledge it is impossible to compute the numerical factor in F -theory models. If, hypothetically, this numerical factor is similar to that of four-dimensional models, then with α GU T ∼ 1/25 the lifetime gets reduced by a factor of 25, which brings it close to the current bound.
Appendix A: GUT breaking fluxes constructed through the cylinder map
We consider an elliptically fibered Calabi-Yau three-fold Z with a U(5) × U(1) bundle V ⊕ L −1 . We require that det V = L so that the structure group embeds in SU(6) ⊂ E 8 . We assume our bundles can be constructed using spectral covers. Then the spectral data consist of a degree six spectral cover and a rank one spectral sheaf on it. The degree six spectral cover decomposes into an irreducible five-fold spectral cover C 5 → S and a degree one piece which is just σ B 2 , i.e. C 6 = C 5 ∪ σ B 2 . Since we allow for a U(5) structure group, we have a wider set of choices for the spectral line bundle L 5 on C with π * γ = 0, Σ = C ∩ σ B 2 and c 1 (ζ) ∈ H 2 (B 2 ).
In fact this is still not the most general construction; we may further twist V by a line bundle Q with c 1 (Q) = qp * Z Σ. Then we find [27] 
which determines the line bundle L we have to turn on to compensate. Turning on q = 0 corresponds to changing the four-fold rather than turning on G-flux. In the following we keep q = 0.
We use the following notation, similar to appendix C of [12] : p : Y 4 → B 2 dP 9 fibration. π C : C 6 → B 2 the heterotic spectral cover p R : R → C 6 the "cylinder", or union of lines in the dP 8 ′ s (i.e. sections of dP 9 ′ s, disjoint from σ) parametrized by points of C. j : (C 6 = R ∩ Z) ⊂ R the inclusion "at infinity" i : R ֒→ Y the natural inclusion.
In F -theory, the G-flux dual to the bundle V ⊕ det(V ) −1 is then Here G γ describes the SU(n) part of V , whereas the remaining pieces describe the determinant of V and L. The map p R associates lines in dP 8 (or sections of dP 9 ) with points on T 2 and is defined using the embedding SU(6) ∈ E 8 .
We need to check if it is possible to pick a primitive linear combination of G-fluxes. We take a general Kähler class of the form
where J B 2 is a class in H 2 (B 2 ), and J 0 is the Poincaré dual of B 2 in B 3 (where we use the embedding at infinity here -this differs from the embedding at the location of the singular locus only by a class in H 2 (B 2 )). The primitiveness of G γ is checked in [12] . As for G ζ , we have We can compute this by picking a 'test' class α in H 2 (Y 4 ) and computing G ζ · Y J 0 · Y α. As argued in [12] because the map H 2 (Y ) → H 2 (C) is surjective, there are only two types of classes we need to check, namely α = p * β ∈ p * H 2 (B 2 ) or α = σ(B 3 ). In the former case we have .10) and in the latter case we get zero simply because J 0 · α ∈ H 4 (B 3 ) and G ζ by definition is orthogonal to such classes. Therefore 
